The TV-particle quantum mechanical system in an external field is considered on the basis of two-particle density functions. The main point of the presented work is to reveal the advantages of the two-particle density formalism as compared to the common one-particle density formalism applied to a simple example. The two-particle density formalism permits us to take into account the exact two-particle interaction without additional models. The exchange and correlation effects can be considered by a proper choice of the trial function. By using the presented formalism we calculate the density of the electron gas on different metal surfaces. A simple trial function allowing for correlations gives us a more correct fit to the experimental data on the metal dipol barriers than corresponding calculations with the one-particle density formalism. It is also shown that a Pertubation of the external potential can be effectively taken into account by a Pertubation calculation for the trial function.
Introduction
A well established method to calculate experimentally measurable properties of many-particle systems is the one-particle density functional theory [1, 2] . A difficulty of this approach is to deal with the exchange-and correlation energy of the system. To avoid this difficulty we proposed a more general method based on the many-particle density functionals [3, 4] to calculate properties of inhomogenous quantum systems. It was shown in [3] how the correlation properties in many-particle systems with twobody type interactions can be considered more exactly in the frame of two-particle density functional calculations. It was also shown that the problems arising with the consideration of two-body correlations on the basis of traditional one-particle density functional theory are met by the choice of the trial function in many-particle density functional calculations. We suggested to construct the trial function by using the general many-particle scattering theory [5] .
In this paper we present an analysis of exchange and correlation properties of particles in a manyparticle system with two-body interactions for a simple example, the electron density in the presence of a metallic surface. This analysis is done in the frame of two-body density functionals with a proper choice of the two-particle density trial function. We also consider the dependence of the trial function on a Pertubation of the potential and develop for this a Pertubation method on the basis of the Lagrange-Euler equation of the variational calculation.
The Influence of the Trial Function on Correlation Properties
We consider an ./V-Fermi-particle quantum system with two-body interaction in an external force field. This system is represented by the Hamiltonian 
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where the explicite spin dependence is neglected.
To calculate the ground state energy of the system we use the two-particle density method which 0932-0784 / 98 / 1000-0819 $ 06.00 © Verlag der Zeitschrift für Naturforschung, Tübingen • www.znaturforsch.com we briefly sketch in the following. The two-particle density of the system in a state ip is defined as the diagonal part of the reduced density matrix of second order r*2(ri,r 2 ) = l2(r\r 2 ,r x r 2 )
Similarly to one-particle density functional theory [ 1 ] , the ground state energy of a quantum system can be proved to be a definite functional of the ground state two-particle density n 2 . The kinetic energy functional is defined by
where T is the kinetic energy operator (4) . 
where minimization over "all allowed n 2 " means minimization over all functions / : IR x IR IR, which arise as two-particle densities of an N-Fermion quantum system. The corresponding functional for the one-particle density formalism was developed by Levy and Lieb [6] [7] [8] . For an application of the variational principle (7), the allowed two particle densities must be characterized intrinsically. This important problem of the so-called ./V-representability of integrable functions / : IR 3 x IR 3 -• IR has not yet been solved satisfactorily.
In contrast to one-particle density functional theory, however, the suggested method has the great advantage of an exact interaction energy functional. Only in the kinetic energy part suitable approximations are necessary. Here we used the gradient expansion and especially the Kirzhnits method [9] [10] [11] 
In the above mentioned expansion we have for the zeroth and second order terms Now (6) and (10, 11) can be applied to an analysis of the electron gas on metal surfaces in the frame of the jellium model in the following way. We choose suitable parameter dependent trial functions for the twoelectron density, and then minimize the functional with respect to these parameters. To show the dependence of the results on the special choice of the trial functions we use to different classes of them. Firstly we use a very simple two-particle density trial function as a product of one-particle densities: where n+ is the constant density of the metal ions. In this approximation it is clear that correlation effects cannot occur, because there is only the electronelectron Coulomb repulsion as interaction energy. In a further step we choose a more complex kind of trial functions by taking into account some permutation properties of the system:
where The special form of (16) is required by charge conservation. We hope to see real correlation effects, because this class of trial functions differs strongly from a product of simple electron number densities. It was found that for all n+ the energy functional was minimized when a\ = a 2 =: a. In Fig. 1 the oneparticle densities, as calculated from the two-particle density of both two-particle trial functions, are presented graphically. For a comparison with experimental data we also calculated the dipol barriere, which 
Here 0 is the electrostatic potential of the total charge distribution p(r) = e(-n(r) + n+9(-z)) derived by means of the poisson equation A4> = (1 /eo)P-In Table 1 these results are listed for both trial functions, together with the experimental data taken from [12] for several metals. In Fig. 2 these data are additionally presented graphically. The analysis of our calculations shows that even in the frame of the simple jellium modell the variational calculation using the above presented two-particle density method gives a good agreement with experimental data if one takes into account more complex permutation properties of the electron system on the metal surface.
A Pertubation Calculation in the Two-Particle Density Functional Method
In this part of our work, we introduce a possibility to handle a more complicated external force field as that of a periodic solid by a Pertubation calculation formalism which is based on the Euler-Lagrange equation of the two-particle density variational problem. Let us expand the external potential in a series
If the minimization problem is solved for the zero order term V (0) the higher order terms immediately result from the hereafter introduced Pertubation calculation.
As an example we apply this formalism to a solid with periodically located atoms. We use the variational calculation in the frame of the jellium model of Sect. 2 as a result of order zero and consider the lattice structure by the Pertubation V (1) . The starting point of the Pertubation calculation is the Euler-Lagrange equation
where 
We assume that according to the potential the density n 2 and the multiplier n can be expanded in a Pertubation series
where the first order terms are comparatively small. Collecting in (21) all terms order by order while taking into account that the interaction function W is completely considered in the order zero equation, one gets As an application of the Pertubation calculation we consider a periodic lattice with lattice points located at a nm / := na\ + ma 2 + la 3 , where the a t denote the three lattice vectors. For a function / € £ ! (IR 3 ) the following identity is well known:
In the kinetic energy functional of (26) we only consider <2 0) according to (10) and find
Assuming that n 2 ] as an approximate solution of () is already known from calculations in the frame of the jellium model, the first order of the two-particle density is then where / denotes the Fourier-transform of /, g nml is a reciprocal lattice vector and V =
• (a 2 x a 3 ) is the volume of one cell. For a cubic lattice one has Snmi = (27rn/al,27rm/a2,27r//a3).
For a single-atom potential V$ decreasing sufficiently fast and for a lattice with plane surface at the hyperplane x 3 = 0 one can assume that
where M is a cut-off function like the Heaviside function. In the following we will see that no definite expression is required for M.
With respect to the Pertubation formalism presented above, it is now possible to specify different orders of the lattice potential.
We shall only consider the terms of zero and first order of the expansion (32). We assume the lattice to be cubic and a\ = a 2 = a 3 =: a. With these assumptions the Pertubation term of the potential becomes fc=l (33)
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Application to the Calculation with the Product Trial Function
In this section, the formalism presented above is applied to the jellium model calculation with the product trial function
In our model the Pertubation is caused by neutral atoms placed at the lattice points as a correction to the homogeneous positive charge density. The ordering number of the atoms is assumed to be Z -A, where Z is the ordering number of the element which forms the lattice and A is the number of electrons with which this element contributes to the electron gas.
As the potential, built from neutral atoms at the lattice points, we take where C = (Z -A)e 2 /4-KEO is the typical electrostatic constant, a e ff = 0.886
is the so-called effective radius, Rc is the so-called coreradius, which takes into account Pauli-like repulsions of the electron hull of the atom. Here we used the ionic radius of the metals from [13] .
The Fourier transform of this potential is 
In order to simplify (37) we introduce the abbreviations 
C sp ec characterizes the magnitude of the first order correction of the Pertubation. In Table 2 C spe c in units of n+ is listed for those metals for which the variational calculation was carried out in the frame of the jellium model. Here one sees that the dominating factor in C S pec is the relation Rc/a e ff between the coreand the effective radius. In Fig. 3 the x\ -£2-mean of n (0) + n d) as a f unc tion of x 3 is presented graphically for Al as an example. To get the correction 0 (1) to the one electron potential it is now necessary to solve the Poisson equation for the Pertubation charge density pd) = -en (l) Ad> w = -n (1) .
Therefore we first search for a solution of (45) Only the behaviour in ^-direction of G is of interest for later results. So we define a new potential by averaging over the xi,^-coordinates:
This function satisfies the differential equation 
= -C spec G(z). (49) £0
By averaging over the 2-coordinate inside the solid one gets the correction to the dipol barrier D
(1) listed in Table 3 . We obtain these results by numerical integration of (48).
Compairing now the corrected values of the dipol barriere Z?
(0) + T> (1) with the experimental data one sees that taking into account the lattice structure of the metal within a Pertubation calculation gives no essential improvement of the variational calculation in the frame of the jellium model.
Conclusion
The presented results show that the two-particle density formalism of many-particle quantum mechanical systems may easily take into account correlation and exchange properties. By variational calculations based on the presented method, the two-particle densities can be chosen in a simple form by considering permutation properties of two body systems in external fields. The Pertubation of external fields influences the trial functions. The corrections of the trial functions due to this effects can be estimated by the variational method based on the Euler-Lagrange equation.
